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We define an equation on a simple graph which is an extension of Tanaka's equation 
and the skew Brownian motion equation. We then apply the theory of transition kernels 
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5^ : 1 Introduction and main results. 



In [To], [TT] Le Jan and Raimond have extended the classical theory of stochastic flows to 
include flows of probability kernels. Using the Wiener chaos decomposition, it was shown that 
non Lipschitzian stochastic differential equations have a unique Wiener measurable solution 
given by random kernels. Later, the theory was applied in |T2] to the study of Tanaka's 
equation: 

ips,t{x) = X + sgn{Lps,u{x))W{du), s<t,xeR, (1) 

where sgn(x) = l{x>o} - l{x-<o},W^i = Wo,d{t>o} - W^t,ol{t<o} and (Ws,t,s < t) is a real white 
noise (see Deflnition 1.10 [T^) on a probability space {Q,A,F). If is a stochastic flow of 



kernels (see Definition [3] below) and is a real white noise, then by definition, [K, W) is a 
solution of Tanaka's SDE if for all s < t, x G M, / G Cl{M) (/ is on M and /', /" are 
bounded) 

Ks,tf{x) = f{x)+ I K,M'sgn){x)W{du) + ^ f Ks,uf"{x)du a.s. (2) 



It has been proved [12] that each solution fiow of ([2]) can be characterized by a probability 
measure on [0, 1] which entirely determines its law. Define 

Ts{x) = inf{r > s : Ws^r = —\x\}, s, x G M. 

Then, the unique adapted solution (Wiener fiow) of ([2]) is given by 

^Zi^) = Sx+sgn(x)w,,A{t<Ts(x)} + + ^-w\)'^{t>Ts(x)}, := Ws,t - inf Ws,u- 

Among solutions of ([2]), there is only one fiow of mappings (see Definition H] below) which has 
been already studied in [T8] . 

We now fix a g]0, 1[ and consider the following SDE having a less obvious extension to kernels: 

= a; + W,^t + {2a - 1)Z^„ t > s, X G M, (3) 

where 

1 /•* 

L^t~ -^i™ ^ J '^{\Xu-'^\<e}d'U (The symmetric local time). 

Equation (|3]) was introduced in [8] . For a fixed initial condition, it has a pathwise unique solu- 
tion which is distributed as the skew Brownian motion (SBM) with parameter a {SBM{a)). 
It was shown in P that when a 7^ |, fiows associated to are coalescing and a deeper study 
of 03]) was provided later in [3] and [1]. Now, consider the following generalization of ([T]): 

Xs,t(a;) = ^ + ^ sgn(X,,,(x))iy(rfu) + (2a - 1)ZL(X), s < t, x G M, (4) 

where 

1 f' 

Llti^) = lim — / h\Xs,u(^)\<s}du. 

Each solution of (jlj) is distributed as the SBM{a). By Tanaka's formula for symmetric local 
time ([15] page 234), 

\X,^t{x)\ = |x| + /" sgn{Xs,u{x))dXs,u{x) + Ll^iX), 

J s 



where sgn(x) = l{x>o} — l{a;<o}- By combining the last identity with we have 

\X,,t{x)\ = \x\ + Ws,t + Ll,{X). (5) 
The uniqueness of solutions of the Skorokhod equation ([15] page 239) entails that 

\X,^t{x)\ = \x\ + W,^t - min + Ws,u) A 0]. (6) 

s<u<t 

Clearly (|5]) and ([6]) imply that (j{\Xs^u{x)\] s < u < t) = cCWs^u] s < u < t) which is strictly 
smaller than a{Xs^u{x)', s < u < t) and so Xs^.{x) cannot be a strong solution of (jlj). For these 
reasons, we call (jl]) Tanaka's SDE related to SBM{a). 

From now on, for any metric space E, C{E) (respectively Cb{E)) will denote the space of all 
continuous (respectively bounded continuous) M-valued functions on E. Let 

. = {/ e C(R) : / is twice derivable on R*, /', /" e ^(M*), /|']o,+oo[> /|]o,+oo[ 

(resp. /|]_oo,o[' /|]-oo,o[) have right (resp. left) limit in 0}. 

. D^ = {fe : af'{0+) = (1 - a)/'(0-)}. 

For / G Da, we set by convention /'(O) = /'(O— ),/"(0) = /"(O— ). By Ito-Tanaka's formula 
( [T3] page 432) or Freidlin-Sheu formula (see Lemma 2.3 [5] or Theorem [3] in Section 2) and 
Proposition [3] below, both extensions to kernels of ([3]) and (jlj) may be defined by 

Ks,tf{x) = fix) + ^ Ks,u{ef'){x)W{du) + ^ ^ K,,J"{x)du, f e D^, (7) 

where e{x) = 1 (respectively e{x) = sgn(x)) in the first (respectively second) case, but due to 
the pathwise uniqueness of (j3]), the unique solution of (jTj) when e{x) = 1, is Kst{x) = Sx^-^^ 
(this can be justified by the weak domination relation, see ( l24j) ). Our aim now is to define an 
extention of (jTj) related to Walsh Brownian motion in general. The latter process was introduced 
in [T7] and will be recalled in the coming section. We begin by defining our graph. 

Definition 1. (Graph G) 

N 

Fix N > I and ai, ■ ■ ■ , > such that = 1. 

1=1 

In the sequel G will denote the graph below (Figure 1) consisting of N half lines (-Di)i<j<Ar 
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emanating from 0. Let Cj be a vector of modulus 1 such that Di = {hci, h ^ 0} and define for 
all function f : G — > M and i G [1, iV], the mappings : 

h I — > fQiCi) 



Define the following distance on G: 

d{hei, h'cj) = 



h + h' tfij^j,{h,h')eRl, 
\h-h'\ zfi=j,{h,h')eRl. 



For X G G, we will use the simplified notation \x\ := d{x,0). 

We equip G with its Borel a-field B{G) and use the notation G* = G \ {0}. Now, define 
• Ci{G*) = {/ G G{G) ■.yie[l,N]Ji IS twice derivable on M;, G and both 

have finite limits at 0+}. 

N 

. . . . , = {/ G GiiG*) : «^/. (0+) = 0}. 

i=l 

For all X E G, we define e(x) = Ci if x E Di,x ^ Q (convention e(0) = cn)- For f G G^{G*), 
X 7^ 0, let f'{x) be the derivative of f at x relatively to e{x) (= fl{\x\) if x G Di) and f"{x) = 
(/')'(x) (= fl'{\x\) ifx G Di). We use the conventions /'(O) = /J^(0+), /"(O) = /;^(0+). Now, 
associate to each ray Di a sign Ei G {—1,1} and then define 



e{x) 



Ei if X E Di, X ^ 
En if X = 

To simplify, we suppose that Ei = ■ ■ ■ = Ep = 1, e^+i = • • • = = — 1 for some p < N. Set 



G+= y D„ G- = U A- Then G = G+[jG-. 

l<i<p p+l<i<N 

We also put = 1 — := Yl^=i ^i- 

Remark 1. Our graph can be simply defined as N pieces of R^ in which the N origins are 
identified. The values of the Cj will not have any effect in the sequel. 

Definition 2. (Equation (E)). 

On a probability space (fi,^, P), let W be a real white noise and K be a stochastic flow of 



Figure 1: Graph G. 

kernels on G (a precise definition will he given in Section 2). We say that {K^W) solves {E) 
if for all s < t, f E D{ai, ■ ■ ■ , Oat), x G G, 

Ks,tf{x) = fix) + ^ Ks,u{ef'){x)W{du) + ^ ^ K,,J"{x)du a.s. 

If K = 6^ is a solution of (E), we simply say that W) solves (E). 

Remarks 1. (1) If {K,W) solves [E], then a{W) C <j[K) (see CorollaryWi) below. So, one 
can simply say that K solves (E) . 

(2) The case N = 2,p = 2,ei = 62 = 1 (Figure 2) corresponds to Tanaka's SDE related to SBM 
and includes in particular the usual Tanaka's SDE ITB^ . In fact, let {K^,W) be a solution of 
([^ with a = ai,e{y) = sgn{y) and define 4'{y) = \y\{eily>o + e2ly<o),y G M. For all x E G, 
define K^^{x) = ip{Kff-{y)) with y = ip'^^x). Let f G D{ai,a2),x G G and g be defined on M 
by g{z) = f{ip{z)) {g G -Dai)- Since satisfies!^ in {g,ip~^{x)) (g is the test function and 
il:~^{x) is the starting point), it easily comes that K'^ satisfies (E) in (/, x). Similarly, if 
solves (E), then solves 



o 

Figure 2: Tanaka's SDE. 
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(3) As in (2), the case N = 2,p = l,ei = 1,62 = —1 (Figure 3) corresponds to 



+ 



o 



Figure 3: SBM equation. 



In this paper, we classify all solutions of [E) by means of probability measures. We now state 
the first 

Theorem 1. Let W he a real white noise and X^'^ be the flow associated to ^ with a = a"*". 
Define Zgt{x) = x^'*''^*-^^'^', s < t,x G G and 

^ a ^ a 

i=l i=p+l 

where Tg^x = inf{r > s : x + e{x)e{x)Ws^r = 0}. Then, is the unique Wiener solution of 
(E). This means that solves (E) and if K is another Wiener solution of (E), then for all 
s < t,x E G , KYt{x) = Ks^t{x) a.s. 

The proof of this theorem follows (see also [H] for more details) with some modifications 
adapted to our case. We will use Freidlin-Sheu formula for Walsh Brownian motion to check 
that solves (E). Unicity will be justified by means of the Wiener chaos decomposition 
(Proposition [8]). Besides the Wiener flow, there are also other weak solutions associated to (E) 
which are fully described by the following 
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Theorem 2. (1) Define 

k 

Ak = {u = (Ml, ■■■ ,Uk) e [0, 1]^ : = 1}, k>l. 

i=l 

Suppose 

(a) Let m+ and m~ he two probability measures respectively on Ap and A^v-p satisfying 
(+) I Uim-^idu) = <i <p, 



a 

a 



(-) / Ujm-{du) = VI < J < AT - p. 



Then, to {m~^,m ) is associated a stochastic flow of kernels K^*'^ solution of (E). 
• To (S/a-i Q^vJ is associated a Wiener solution . 



p N 



— -5o 10 0; / — 10 a) is associated a coalescing stochastic flow of 

i=l 

mappings ^p. 



1=1 i=p+l 



(b) For all stochastic flow of kernels K solution of (E) there exists a unique pair of measures 

{m~^,m~) satisfying conditions (+) and (— ) such that K ^= K"^^'^ . 

(2) If = ^, N > 2, there is just one solution of (E) which is a Wiener solution. 

Remarks 2. (1) If = 1, solutions of {E) are characterized by a unique measure m"*" satis- 
fying condition (+) instead of a pair {m^,m") and a similar remark applies if a~ = 1. 
(2) The case = = 2 does not appear in the last theorem since it corresponds to 

dXt = W{dt). 

This paper fohows ideas of [I2] in a more general context and is organized as follows. 
In Section 2, we remind basic definitions of stochastic flows and Walsh Brownian motion. 
In Section 3, we use a "specific" S'i?M(a"'") flow introduced by Burdzy-Kaspi and excursion 
theory to construct all solutions of {E). Unicity of solutions is proved in Section 4. Section 
5 is an appendix devoted to Freidlin-Sheu formula stated in [S] for a general class of diffusion 
processes defined by means of their generators. Here we first establish this formula using simple 
arguments and then deduce the characterization of Walsh Brownian motion by means of its 
generator (Proposition [3]). 



2 Stochastic flows and Walsh Brownian motion. 

Let V{G) be the space of probability measures on G and {fn)nm be a sequence of functions 
dense in {/ G Cq{G), | |/| |oo < 1} with Cq{G) being the space of continuous functions on G which 
vanish at infinity. We equip V{G) with the distance d{^,u) = (X]n2~"'(/ fud^i — J /ndi^T)^ 
for all /i and u in V{G). Thus, V{G) is a locally compact separable metric space. Let us 
recall that a kernel if on G is a measurable mapping from G into V{G). We denote by E 
the space of all kernels on G and we equip E with the a-field £ generated by the mappings 
K I — > fiK.fi G V{G), with nK the probability measure defined as jjiK^A) = K{x, A)fi{dx) 
for every /i G 'P{G). Let us recall some fundamental definitions from [TT]. 

2.1 Stochastic flows. 

Let P) be a probability space. 

Definition 3. (Stochastic flow of kernels.) A family of{E, S)-valued random variables {Ks^t)s<t 
is called a stochastic flow of kernels on G if, ^t the mapping 

Ks,t : {GxQ,BiG)^A) {V{G),B{V{G))) 

is measurable and if it satisfies the following properties: 

1. Ws <t <u,x e G a.s. V/ G Go{G),Ks,uf{x) = Ks^t{Kt,uf){x) (flow property). 

2. \fs ^t the law of Kg^t only depends on t — s. 

3. For all ti < t2 < ■ ■ ■ < tn, the family {Kt-^ti+i, 1 < i < n — 1} is independent. 

4. yt>0,xeG,f e Go{G), lim E[{Ko,tf{x) - K,^tf{y)f] = 0. 

y 

5. Vt > 0, / G Co(G), lim E[(Ko,t/(x))2] = 0. 

a;— >+oo 

Vx G G, / G Co(G), lim E[{K,J{x) - f{x)f] = 0. 



8 



Definition 4. (Stochastic flow of mappings.) A family {ips.t)s<t of measurable mappings from 
G into G is called a stochastic flow of mappings on G ifKs t{x) '■= Sip^^(^x) is a stochastic flow 
of kernels on G. 

Remark 2. Let K be a stochastic flow of kernels on G and set = E[KQ^],n > 1. Then, 
{P^)n>i is a compatible family of Feller semigroups acting respectively on Go{G"') (see Propo- 
sition 2.2 m). 

2.2 Walsh Brownian motion. 

Recall that for all / G Co(G), fi is defined on M^.. From now on, we extend this definition on 
M by setting fi = on ] — oo, 0[. We will introduce Walsh Brownian motion ■ ■ ■ , ajsi), 

by giving its transition density as defined in [2]. On Go{G), consider 

AT AT 

Ptfihe,) = 2J2a^Ptf^{-h)+Ptf){h) -pj,{-h),h> 0, PJ{0) = 2^a,pJ,(0). 

i=l i=l 

where {pt)t>o is the heat kernel of the standard one dimensional Brownian motion. Then {Pt)t>o 
is a Feller semigroup on Go{G). A strong Markov process Z with state space G and semigroup 
Pt, and such that Z is cadlag is by definition the Walsh Brownian motion ■ ■ ■ , oat) on 

G. 

2.2.1 Construction by fiipping Brownian excursions. 

For all n > 0, let D„, = k e N} and D = U„gNDn- For <u < v, define n{u, v) = inf {n e 
N : ©„n]M,t;[7^ 0} and f{u,v) = miBn(u,v)^]u,v[. 

Let -B be a standard Brownian motion defined on {Q,A,F) and (7r,r G ©) be a sequence of 

N 

independent random variables with the same law c^iSg- which is also independent of B. We 

i=l 

define 

R+ = Bt- min B^, gt = sup{r <t: B^ = 0}, dt = infir >t: B+ = 0}, 

ue[o,t] 

and finally Zt = ^rB^, r = f{gt, dt) if B^ > 0, Zt = if B^ = 0. Then we have the following 
Proposition 1. {Zt,t > 0) is an W{ai, ■ ■ ■ ,aN) on G started at 0. 

9 



Proof. We use these notations 

mins,t = min B^, eo,t = e{Zt),I's = <y(,eo^u, Bu]0 < u < s). 

u£[s,t\ 

Fix < s < t and denote by Eg^t = {^'^o.s = ™'^o,t}(= {9t ^ s} a.s.). Let h : G — > M be a 
bounded measurable function. Then 



E\h{Zt)\J's]= E\h{Zt)lEjJ's] + E[h{Zt)lEiysi 

with 

N N 

E[hiZ,)lE^jTs] = J2EMBt)l{,,^s,eo,=e.}\J's] = [/l, (5+) 1|,,>,} | J",] . 

i=l i=l 

If Bg r = Br — Bg, then the density of ( min Bg r, Bg t) with respect to the Lebesgue measure 

re[s,t] 

is given by 

2 — (— 2x + w)^ 

^^^'^^ " ^27r(t- s)3 ^~^^^^^^^^^ 2{t-s) — )^{2'>^'^<o} (0 page 28). 

Since {Bg^r, r > s) is independent of J^g, we get 

E[hi{B^)llg^^g\\J^g] = — mini?s_r)l{ min Ba^> min Bsrll-^s] 

rG[s,t] re[o,s] ' re[s,tl 



/ l{_B+>x}i hi{y-x)g{x,y)dy)dx 
Jr Jr 

hi{u)pt-s{Bt ,-u)du {u = y-x) 



N 

and so E[h{Zt)lE''^^\^s\ = 2^^aiPf_s/ii(— -B^). On the other hand 

2=1 

E[h{Zt)lEs.t\-^s] = E[h{eo^g{Bt — mmo,^))!^, 

,tr\{Bt> minors 

= E[h{eo^g{Bt - minQ^g))l{Bt>mino,s}\J^s] - E[h{eo^g{Bt - mmo,J)lijj_^n(Bt>mmo,«)|-^s. 
Obviously on {eo,s = Cfc}, we have 

E[h{eQ^g{Bt - minQ^g))l{Bt>mino,,}\J^s] = E[hk{Bg^t + ^+b+>o}I-^s] 

= pt^ghk{B^g 
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and 



rels,t] 

= / hk{y + B^)l^y^j^+^Qy ( / l^_j^+^^^g{x,y)dx]dy = pt-shk{-B+). 
Jr \Jr / 

As a result, E[h{Zt)\J^s] = Pt-sh{Zs) where P is the semigroup of W{ai, ■ ■ ■ , un)- □ 

Proposition 2. Let M = (M„)„>o be a Markov chain on G started at with stochastic matrix 
Q given by 

Q(0,e;)=ai, Q{nei,{n + l)ei) =Q{nei,{n-l)ei) = \/i e[l,N], n>l. (8) 
Then, for all < ti < ■ ■ ■ < tp, we have 

where Z is an W{ai, ■ ■ ■ , ctAr) started at 0. 

Proof. Let i? be a standard Brownian motion and define for all n > 1 : Tq{B) = Tq{\B\) = 
and for /c > 

T^^.iB) = M{r>Tl^iB),\Br-BTj,\ = ^}, 

= inf{r>r,"(|5|),||5,|-|STn|| = l}. 

Then, clearly T^{B) = T^i\B\) and so {T^{\B\))k>o '= {T^{B))k>o. It is known ([6] page 
31) that lim T!i2nf\{B) = t a.s. uniformly on compact sets. Then, the result holds also for 
Ty22nt\^{\B\) . Now, let Z be the W{ai,- ■■ ,aAr) started at constructed in the beginning of 
this section from the refiected Brownian motion B^ . Let = T^{B~^) (defined analogously to 
T^{\B\)) and = 2^^^^^^. Then obviously {Z^, A; > 0) '= M for all n>0. Since a.s. t — > Zt 
is continuous, it comes that a.s. Wt > O,lim„_>.+oo ■^Z't^^^ni^ = Zt. □ 
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2.2.2 Preidlin-Sheu formula. 

Theorem 3. fS^ Let {Zt)t>o be a W{ai, ■ ■ ■ ,aN) on G started at z and let Xt = \Zt\. Then 

(i) {Xt)t>o is a reflecting Brownian motion started at \z\. 

(a) Bt = Xt — Lt{X) — \z\ is a standard Brownian motion where 

f{Zt) = f{z)+ / f'{Z,)dB, + - / r(Z,)rfs + (^a,/;(0+))L,(X). {[ 
Jo ^ Jo 



Remarks 3. (1) By taking f{z) = \z\ and applying Skorokhod lemma, we find the following 
analogous of 

\Zt\ = \z\+Bt- mill [{\z\+B^) AO]. 

s<u<t 

From this observation, when Ei = 1 for all i G we call {E), Tanaka's SDE related to 

W{ai, ■ ■ ■ ,aN)- 

(2) For N > 3, the filtration (Tf) has the martingale representation property with respect to 
B fW, but there is no Brownian motion W such that J-'f = fZT 



Using this theorem, we obtain the following characterization of iy(ai, ■ ■ ■ , a^v) by means of its 
semigroup. 

Proposition 3. Let 

N 

• D{a,, . . . , = {/ G Cl{G*) : J] «./;(0+) = 0}. 

i=l 

* Q = {Qt)t>o be a Feller semigroup satisfying 

Qtfix) = fix) + i ^ Quf"{x)du V/ G Dia,, ■ ■ ■ , a^). 
Then, Q is the semigroup of W{ai, ■ ■ ■ , apf). 

Proof. Denote by P the semigroup of W{ai,--- ,0^), A' and D{A') being respectively its 
generator and its domain on Go{G). If 

D'{a,, ... ,a^) = {fe Co(G) []D{a,, ■ ■ ■ , /" G Co(G)}, (10) 

12 



then it is enough to prove these statements: 

(i) Vt>0, Pt{Co{G))cD'{a,,--- ,aN). 

(ii) D'{ai, ■ ■ ■ , ttTv) C D{A') and A'f{x) = on D'{ai, • • ■ , ajv). 

(iii) D'{ai, ■ ■ ■ , ajy) is dense in Co{G) for 1 1.| |oo- 

(iv) If R and R' are respectively the resolvents of Q and P, then 

Rx = R^ V A > on D'{ai, ■ ■ ■ ,a]\i). 

The proof of (i) is based on elementary calculations using dominated convergence, (ii) comes 
from iQ, (iii) is a consequence of (i) and the Feller property of P (approximate / by -Pi/). 

71 

To prove (iv), let A be the generator of Q and fix / G D'{ai, ■ ■ ■ ,ajv). Then, Rxf is the 
unique element of D{A) such that (A/ — A){Rxf) = f. We have i?^/ G -D'(ai, ■ ■ ■ ,aAr) 
by (i), D'{ai,--- ,a7v) C -D(A) by hypothesis. Hence R'^^f G D{A) and since A = A' on 
D'(q!i, ■ ■ ■ , Qn), we deduce that Rxf = R'xf- n 

3 Construction of flows associated to (E). 

In this section, we prove (a) of Theorem [2] and show that given in Theorem [T] solves (E). 

3.1 Flow of Burdzy-Kaspi associated to SBM. 
3.1.1 Definition. 

We are looking for flows associated to the SDE ([3]). The flow associated to SBM{1) which 
solves ([3]) is the reflected Brownian motion above given by 

Ys,t{x) = {X + Ws,t)l{t<r.,.} + {Ws,t - inf Ws,u)l{t>r.,^}. 

where 

Ts,^ = inf{r >s:x + W,^r = 0}. (11) 

and a similar expression holds for the SBM{0) which is the reflected Brownian motion below 
0. These flows satisfy all properties of the SBM{a), a g]0, 1[ we will mention below such that 
the "strong" flow property (Proposition Hj) and the strong comparison principle (IT^ . When 
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a g]0, 1[, we follow Burdzy-Kaspi In the sequel, we will be interested in SBM{a'^) and so 
we suppose in this paragraph that a"*" ^ {0, 1}. 

With probability 1, for all rationals s and x simultaneously, equation 02]) has a unique strong 
solution with « = Define 

1 /•* 

= infX"'^, = lim — / l{\Y,^^(x)\<e}du. 

Then, it is easy to see that a.s. 

Ys,t{x) < ^s<t,x<y. (12) 

This implies that x i — > Ys^t{x) is increasing and cadlag for all s < t a.s. 

According to [1] (Proposition 1.1), t i — > Ys^t{x) is Holder continuous for all s,x a.s. and with 
probability equal to 1: Vs, x G M, Ys^.{x) satisfies ([3]). We first check that F is a flow of mappings 
and we start by the following flow property: 

Proposition 4. V t > s a.s. 

YsA^) = Yt^uiY,,t{x)) \/u>t,xeR. 

Proof. It is known, since pathwise uniqueness holds for the SDE that for a fixed s < t < 
■u, X G M, we have Yg ^^x) = Yt^u{Ys t{x)) a.s. ([U] page 161). Now, using the regularity of the 
flow, the result extends clearly as desired. □ 

To conclude that F is a stochastic flow of mappings, it remains to show the following 
Lemma 1. Vt > s, x G M, / G Co(M) 

limE[(/(n,(x))-/(n,(2/)))2] = 0. 

y->-x 

Proof. We take s = 0. For ^ G Co(M^), set 

Pi'^g{x) = E[g{Yo,t{xi), l^,t(x2))], x = (xi, X2). 
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If e > 0, fe{x,y) = l{\x-y\>e}, then by Theorem 10 in [13], ' fe{x,y) > 0. 

y ^ X 

For all / e Co(Il^), we have 

E[{f{Yo,{x)) - f{YoM)f] = PPr\x,x) + P{'^r\y,y) - 2P{'^r\x,y). 
To conclude the lemma, we need only to check that 

hm P^fiy) = P^fix), Vx G M^ / G Co(M'). 

y^x 

Let / = /i o /2 with G Co(M), a; = (xi, xa), y = (yi, 2/2) G M^. Then 

2 

lA^'V(y) - Pt^'^f{x)\ < Mj^pf (|1 - ® myk,x,), 

k=l 

where M > is a constant. For all a > 0, 3e > 0, \u-v\ < e ^ \fl < k < 2 : \fk{u) - fk{v)\ < 
a. As a result 

2 

\P?^f{y) - Pl'^f{x)\ < 2Ma + 2Mj2\\fk\\ooPl'^fe{xk,yk), 

k=l 

(2) (2) 

and we arrive at limsupj^_^^ |P( fiu) ~ Pt /(^)l ^ 2Ma for all a > which means that 
limj^_j,2. Pt"^^ f{y) = Pf"^^ f{x). Now this easily extends by a density argument for all / G Co(]R^). 

□ 

In the coming section, we present some properties related to the coalescence of Y we will 
require in Section I3l2] to construct solutions of (P). 

3.1.2 Coalescence of the Burdzy-Kaspi flow. 

In this section, we suppose | < < 1. The analysis of the case < a''" < ^ requires an 
application of symmetry. Define 

T^^y = mf{r > 0, Yo^r{x) = Yo^r{y)}, x,y eR. 

By the fundamental result of [1], T^^y < 00 a.s. for all x,y G M. Due to the local time, 
coalescence always occurs in 0; YQ,r{x) = Y^riy) = if r = T^^y. Recall the definition of Tg^x 
from ( fTTll . Then T^^y > sup(ro,x, to,j/) a.s. (P page 203). Set 

= a; + (2a+ - l)Lo,f(x), U{x, y) = 'mi{z > y : = L\ = z ioi some t > 0}, y > x. 
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According to [3] (Theorem 1.1), there exists A > such that 

Vn > y > 0, P(t/(0, y)<u) = {l- ^)^. 

Thus for a fixed < 7 < 1, we get hmy_,o+ P(f/(0, y) < y^) = hmj,^o+(l - V^'^V = 1- 
From Theorem 1.1 [3], we have U (x, y) — x ''= U{0,y — x) for all < x < y and so 

hm F{U{x, y)-x<{y- xf) = 1, Vx > 0. (13) 

Lemma 2. For all x G M, we /ia^ie hm^^a^Taj^j^ = ro,^ m probability. 

Proof. In this proof we denote ^o,t(0) simply by Yt. We first estabhsh the result for x = 0. For 
alH > 0, we have 

P(t < To J < P(Lo,(0) < Lo,To„(0)) = P(L° < f/(0,2/)) 

since (2a+ — l)Lo,To,y(0) = f/(0, y). The right-hand side converges to as y — 0+ by f|T3|) . On 
the other hand, by the strong Markov property at time ro,y for ?/ < 0, 

G,(2/) := P(t < To,,) = P(t < ro,,) + F[l{,>,„,^|Gi_.„,^(Kj]. 

For all e > 0, 

^[^{t>TO,y}Gt~TO,y{yTO,y)] = E[l{t~TO^y>e}Gt~r0.yO^TO,y)] + ^ [l {0<t~TO ,y <e}G t^ro ,y i^ro y)] 

<E[G,{Y,,J] + ¥{0<t-To,y<e). 

From previous observations, we have Y^-^^ > a.s. for all y < and consequently Y^-^^ — y 0+ 
as y — 0—. Since lim2_^o+ ^^(2) = 0, by letting y 0— and using dominated convergence, 
then e — )■ 0, we get limsupG((y) = as desired for x = 0. Now, the lemma easily holds after 
remarking that 

Tx,y - To,x '= To,y-x H < X < y and T^^y - tq^x '= To,x-y if X < y < 0. 

□ 
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For s ^ t, x G M, define 

gs,t{x) = snp{ue[s,t]:Ys,u{x) = 0} (sup(0) = -oo). (14) 
We use Lemma [2] to prove 

Lemma 3. Fix s,x G M. Then, a.s. for all t > Tg^x, there exists {v,y) G such that 

V < gs,t{x) and Ys^r{x) = Yy^r{y) V r > gs,t{x). 

Proof. We prove the result for s = and first for x = 0. Let t > 0, tlien for all e > 

P(3 r/ > : YoM = YoA-v)) > < t). 

From P(t < T_e,;) < F{t < To^^) + P(t < Tq^_^) and the previous lemma, we have \im^^QF{t < 
T_e,e) = and therefore P(3 77 > : Yo^tiv) = '^o,t{~v)) = 1- Choose e > 0, such that 
^o,t(e) = ^o,t(— e) and let v g]0, T_e,e[nQ. Then ^o,«;(e) > ^o,d(— e) and for any rational y G 
]>o,.(-e),>o,.(e)[, we have by ^ 

Y,,u{YoA-(^)) < YvAy) < Yy^Yo^e)), Vn > v. 

The flow property (Proposition H]) yields Yqu{—^) < Y^uiv) < ^0,11(^)5 Vm > f. So necessarily 
^o,r-(0) = Yy^r{y), Vr > 5'o,t(0). For x > and e small enough, we have 

¥{Yo,tix + e) > Yo,tix),t > To,.) < P(ro,. < t < T,,,+e). 

This shows that lim^^QF{Yo^tix + e) > Yo^tix)\t > tq^x) = by Lemma [2l Similarly, for e small 

P(Fo,t(a; - e) < Yo,tix),t> tq,.) < P(ro,.. < t < r,_,,,). 

The right-hand side converges to as e — )■ by Lemma [2] and so 
lime^oP(^o,£(a;) > lo,t(x - e)|t > ro,^) = 0. Since 

{Yo,t{x + e) > ro,t(a; - e)} C {Fo,t(x + e) > >o,t(a;)} U {ro,t(x) > Yo,t{x - e)}, 

we get P(3e > : Yo^t{x — e) = Yo^t{x + e)|t > ro,^) = 1- Following the same steps as the case 
X = 0, we show the lemma for a fixed t a.s. Finally, the result easily extends almost surely for 
all t. □ 
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We close this section by the 

Lemma 4. With probability 1, for all (si,Xi) 7^ (52,2:2) G simultaneously 
(i) T^lf^^ := inf{r > sup{si,S2) : Kii,r(a;i) = ^S2,r(a;2)} < 00, 

M Ys^T^l'^ji^i) = '^s,,T:if^^ix2) = 0, 

Proof, (i) is a consequence of Proposition |U the independence of increments and the coalescence 
of l^.(ii) Fix 7^ (s2,X2) G with si < S2- By the comparison principle f|T2|) and 

PropositionlU ((xi) > K52,i(^2) for all t > S2 or ((xi) < 1^52,4(^2) for all t > 82- Suppose for 
example that < 2 := Y^i, 52(^1) < ^2 and take a rational r g]2, X2[. Then T^^'f^^ > Tg^^z > '^si,xi 
and Tf^f^ > T^f^^ > Ts^,x2- (iii) is clear since coalescence occurs in 0. (iv) is an immediate 
consequence of the pathwise uniqueness of ([3]). □ 

3.2 Construction of solutions associated to (E). 

We now extend the notations ffiven in Section [22II1 For all n > 0, let ©„, = k e Z} and 
D be the set of all dyadic numbers: D = UngNlD'n- For u < v, define n{u,v) = inf{n G N : 
I!>n(^]u,v[^ 0} and f{u,v) = inf ro„(„^^)n]n, Denote by Gq = {x G G : |x| G Q+}. We also 
fix a bijection t/.' : N — > Q x Gq and set (sj, Xj) = ipli) for all i > 0. 

3.2.1 Construction of a stochastic flow of mappings if solution of (E). 

Let W he a. real white noise and Y be the flow of the SBM{a~^) constructed from W in 
the previous section. We first construct v^s,.(x) for all (s,x) G Q x Gq and then extend this 
definition for all (s,x) G M x G. We begin by y9>jQ .(xo), then if si,-{^i) and so on. To define 
iPso,-{^o), we flip excursions of YsQ^.{e{xo)\xo\) suitably. Then let ips-i^,t{xi) be equal to (pso,t{xo) 
if Yso,t{£{xo)\xo\) = Ys^^t{£{xi)\xi\). Before coalescence of Yso,.{e{xo)\xo\) and Ys-,,.{e{xi)\xi\), 
we define (/^^^^.(xi) by flipping excursions of Ys-^^.{e{xi)\xi\) independently of what happens to 
</5so,-(^o) and so on. In what follows, we translate this idea rigorously. Let 7''',7~ be two 
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independent random variables on any probability space such that 



p N 

y 

i=l J=P+1 



law \ ^ O^i _,_ law O7 



a' 



(15) 



Let P) be a probability space rich enough and W = {Ws^t,s < t) be a real white noise 

defined on it. For all s < t, x G G, let Zs.t{x) := Ys^t{£{x)\x\) where Y is the flow of Burdzy- 
Kaspi constructed from W as in Section [3. 1.11 if a'^ ^ {0, 1} (= the reflecting Brownian motion 
associated to ([3]) if a"*" G {0, 1}). 

We retain the notations Ts^x, gs,t{x) of the previous section (see (fTTj) and (fT4l) ). For s G M, a; G G 
deflne, by abuse of notations 



's,e{x)\x\, 9sA^) = 9sA^i^)\^\) and ds,t{x) = inf{r > t : Zs,rix) = 0}. 



It will be convenient to set Zg^^ix) = oo if r < s. For all g > 1, Mq, ■ ■ ■ , G M, j/o, ■ ■ ■ , 2/g G G 
deflne 

T,^-.;;„^^' = inf {r > r„„,, : Z„„,(y,) G {Z„,,.(2/.), z G [1, g - 1]}}. 

Let {(7^,xo('^)' Ts^.xol'^))' ''^ G Dn [sq, +oo[} be a family of independent copies of (7''',7~) which 
is independent of W. We deflne (/^igQ .(xq) by 

xo + e{xo)e{xo)Wso,t if < t < r^o^xo 

'rto,xoUo)\ZsoA^o)\, fo = f{9soAxo),dsoAxo)) if t > rso,xo,ZsoA^o) > 
^%,xoUo)\ZsoA^o)\^ fo = fiSsoA^o), dsoA^o)) if t > Tso,xo, ^soA^o) < 

Now, suppose that ipsoA^o), ■ ■ ■ ,'fsg_iA^q-i) are deflned and let {{ltq,xA^)y%,xA^))^^ G D fl 
[sq, +oo[} be a family of independent copies of (7"^, 7^) which is also independent of 
{ltxS^),%,xS^),r G © n [s„ +oo[, 1 < z < g - 1, W^). Since Tf.^L^f/ < 00, let z G [1, g - 1] 



¥^soA^o) = < 
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and {si,Xi) such that Zsgfy{xq) 



Zs.fyi^i) with to = Tso,''-,'sg''. We define fs^A^g) by 



Xq + e{Xg)€{Xq)Ws^,t 





if s„ < t < r. 







7^„x,(/g)l^s„iK)|, fg = f{gs^,t{Xq),ds^,t{Xq)) if t G [Ts^,j,^MI Zs^,t{Xq) > 
7s„x,(/g)l^^„tK)|, fg = f{9s,A^q),ds^,t{^q)) if t e [Ts^,:,^,tolZs^,t{Xq) < 



iit> tn 



In this way, we construct {(fs.-{x), s G Q, x G Gq). 

Now, for all s G M, X G G, let v^s,t(x) = x + e{x)e{x)Ws^t if s < t < r^ -j.. If t > Tg^x, then by 
Lemma ([3]), there exist G Q, 1/ G Gq such that i; < gs,t{^) and 2's,r-(x) = Z^^riy) V r > gs^x)- 
In this case, we define V5s,i(2^) = '^v,t{y)- Later, we will show that <yC is a coalescing solution of 
{E). 



3.2.2 Construction of a stochastic flow of kernels 



solution of {E). 



Let m+ and m be two probability measures respectively on Ap and A^r^p. Let U^,U be two 
independent random variables on any probability space such that 



7 law _)_ 7 /— ^fiw — 

U = m , 6/ = m . 



(16) 



Let P) be a probability space rich enough and W = (Ws^t,s < t) be a real white noise 

defined on it. We retain the notation introduced in the previous paragraph for all functions 
of W. We consider a family W~ .^.^^(r)), r G © fl [so,+oo[} of independent copies of 

(U^ ,U~) which is independent of W . 

If ^ > Tso,xo and Zsa,t{xQ) > (resp. Z^o,t(xo) < 0), let 
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Write f/+,j(xo) = {U^o%^o))^<i<p (^^sp. U,^^t{xo) = {U,^%Xo))p+l<^<N) if Zso,t{xo) > 0,t > r, 
(resp. Zso,t(xo) < 0,t > Ts^^xo) and now define 



SQ,XO 



(a^o) 



'^a;o+e(xo)£(a::o)Tyso,t if ■Sq ^ t ^ Tso,xo 

Er=i f^.t;t(^o)4i|z,„.,(xo)| if t > r,„,xo, ^so,t(a:o) > 

Eip+i f^7o;i(2;o)4- |z,,,t(xo)| if ^ > rso,xo, Zso,tixo) < 

^0 if ^ > Tso.xo, ^so,i(a;o) = 



'so,- 



(xo), ■ ■ ■ are defined and let (r), W,-;,, fr)), r G ©n 



Suppose that K, 

[sg, +oo[} be a family of independent copies of (U^,U~) which is also independent of 
a {Ul,^ir)M-,Jr),r G © n [si, +oo[, l<t<q-l,W). If t > r,^,,^ and > (resp. 

Zs.A^q) < 0)' we define U^^^Xq) = {U^^''t{xq))i<i<p (resp. U~Axq) = {U~''t{xq))p+i<i<N) by 
analogy to g = 0. Let i G [1, g-1] and (si, Xi) such that ^^^^(^(xg) = Zg^^toixi) with to = Tfo^L'^"^". 
Then, define 



^Xq + e{Xq)£(Xq)Wsq,t 
Er=l Utq%Xq)5g,lZsq,ti 



if Sg < t < r,,,^. 



if to > ^ > Tsq,Xq, Zsq,t{Xq) > 



(Xg) = < 



f^.;,t(a;g)<^e- if to > i > rs^,xq, Z.^^Xq) < 



5n 



K 



Si ,t 



In this way, we construct {K"^ 



[Xi 



if to > t > Ts^^Xq,ZsqAXq 



if t > tn 



Now, for s G M, X G G, let i^"^ (x) = 6x+g(x)eix)Ws.t if s < t < Ts^x- If t > 



let 



f G Q, y G Gq such that f < gs,t{^) and ^'^,,■(2;) = Z^^riy) V r > gs,t{^)- Then, define 
i^',";"'"^-(x) = i^,t'"^-(y). 

In the next section we will show that K"^^'"^ is a stochastic flow of kernels on G which solves 
(E). 
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3.2.3 Construction of (i^'"^ '" ^ by filtering. 

Let m+ and m~ be two probability measures as in Theorem |2] and (7^,^"*"), (7~,W~) be two 
independent random variables satisfying 



= el|W+)=W+'\ VzG[l,p], (17) 
and 

P(7- = ejlU-) = Vj e[p + l, N]. (18) 

Then, in particular (7^,7") and {U^ ,IA ) satisfy respectively ffT^ and f lT^ . 
On a probability space (fi, P) consider the following independent processes 

• W = {Ws,t, s <t) a. real white noise. 

• {i^t,xi^)y^s',xi^))'''^ G Dn [s, +oo[, (s, x) G Q X Gq} a family of independent copies of 
(7+,W+). 

• {i%,xi^)^^s^,xi^))^''^ G D n [s, +oo[, (s, x) G Q X Gq} a family of independent copies of 

(r,w-). 

Now, let (p and K"^^'"^ be the processes constructed in Sections 13.2.11 and 13.2.21 respec- 
tively from (7+,7",iy) and (W+,W",W^). Let aiU^ ,W) be the cx-field generated by 
{U+^{r),l(~^{r), r G D n [s, +oo[, (s, x) G Q x Gq} and W. We then have the 

Proposition 5. (i) For all measurable bounded function f on G, s < t & 'Rj X & G, with 
probability 1, 

K^'"^- fix) = E[f{^,,{x))\a{U^M-,W)]. 
(a) For all s,x, with probability l,\/t > s 

\(PsA^)\ = \Zs,t{^)\^ ¥^s,t{^) G <^ Zs^t{x) > and (ps,t{x) G G" ^ ^s,t(x) < 0. 
(Hi) For all s^x ^ y, with probability 1 

to := inf{r > s : (PsA^) = Vs,r{y)} = inf{r > s : Z^A^) = Zs^v) = 0} 
and V2.,r(a;) = ^sAv)^ > ^o- 
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Proof, (i) comes from (1171) . f|T8l) and the definiton of our flows, (ii) is clear by construction. By 

(ii) coalescence of </?s,.(x) and ^Ps,-{y) occurs in and so (iii) is clear. □ 

Next we will prove that ip is a. stochastic flow of mappings on G. It remains to prove that 
properties (1) and (4) in the definition are satisfied. As in Lemma [H property (4) can be 
derived from the following 

Lemma 5. Wt > s,e > 0,x E G, we have 

lim¥{d{ifsAx),'fsAy)) > e) = 0. 
y 

Proof. We take s = 0. Notice that for all z G M, we have 

Yo^z) = z + Wtif 0<t< To,,. 

Fix e > 0,x G G^ \ {0} and y in the same ray as x with \y\ > \x\,d{y,x) < |. Then 
d{(po,t{x),(poAy)) = d{x,y) < | for < t < ro,|:i.| A ro,|j;| (= ro^\^\ in our case). By Proposition [5] 

(iii) , we have (po^x) = (po,t{y) if t > This shows that 

{rf(v9o,t(x),v2o,t(y)) > e} C {ro,|x.| < t < a.s. 

By Lemma m 

F{d{Lpo,tix),LpoAy)) > e) < P(ro,|x| < t < T\^\,\y\) -> as y -> x, |?/| > 
By the same way, 

F{d{ipoAx),Lpo,tiy)) > e) < ^{ro,\y\ < t < Ti^\,\y\) -> as y x, |?/| < 
The case x G G~ holds similarly. □ 

Proposition 6. < t < u, x E G: 
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Proof. Set y = (ps,t{x). Then, with probabihty 1, Vr > t, Ys^r{£{x)\x\) = Yt^r{ys,t{^{x)\x\)) and 
so, a.s. Vr > t Zg^ri^) = Zt^r{y)- All the equalities below hold a.s. 

• 1st case: u < Ts^x- We have Tt^y = inf{r > t, Zt^riu) = 0} = inf{r > t, Zs^r{x) = 0} = Ts^x- 
Consequently u < n^y and ips,u{x) = e(x)|Z,,„(x)| = e{y)\Zt^u{y) \ = ^t,u{y) = 'ft,u{'fs,t{^))- 

• 2nd case: t < Tg^x < u. We still have Tt^y = Tg^x and so gt,u{y) = gs,u{x). It is clear by 
construction that: ips^u{x) = ftAv) = ft,u{fs,t{^))- 

• 3rd case: Tg^x < t^Tt^y < u. Since Tt^y is a common zero of {Zg^r{x))r>g and {Zt^r{y))r>t before 
u, it comes that gt,u{y) = gs,u{^) and therefore ipg,u{x) = ^Pt,u{y) = '^t,u{'^s,t{^))- 

• 4th case: Tg^x < t,u < n^y. In such a case, we have ipt,u{y) = e{y)\Zt^u{y)\ = e(y)|Z^,„(x)|. 
Since r i — )• Zg.r{x) does not touch in the interval [t, u] and ^g^t{x) = y, we easily see that 

^s,u{^) = ^iy)\Zs,u{^)\ = ft,u{y)- □ 

Proposition 7. (p is a coalescing solution of{E). 

Proof. We use these notations: := yo,u(0), '■= V^o,u(0). We first show that ip is an 
W{ai, ■ • • , a^) on G. Define for all n > 1 : T^{Y) = 0, 

T«+i(F) = inf{r>T,"(F),d(^,,^T,") = ^} = inf{r>T,"(F),|y;-rr.| = l} 

= inf{r > T^iY),\\Yr\ - |Ft,"|| = ^},k> 0. 

Remark that |y| is a reflected Brownian motion and denote TJ}{Y) simply by T^. From the 
proof of Proposition [21 lim sup |T|'^2n(| — t| = a.s. for all K > 0. Set p"^ = 2^ipT"- Then, 
since almost surely t — >■ pt is continuous, a.s. Vt > 0, lim :^ip%2nf\ = <Pt- By Proposition 
[21 it remains to show that for all n > 0, {ip"^, /c > 0) is a Markov chain (started at 0) whose 
transition mechanism is described by ([8]). If Yj^ = 2*^1^^, then, by the proof of Proposition [2] 
(since SBM is a special case of W{ai, ■ ■ ■ , on)), for all n > 0, (Y^)k>i is a Markov chain on Z 
started at whose law is described by 

g(0, 1) = 1 - Q{0, -1) = a+, g(m, m + 1) = Q(m, m - 1) = ^ Vm ^ 0. 

Let k > 1 and Xq, ..,Xk G G such that Xq = Xk = and — = 1 if /i G [0, — 1]. We 

write 

{xh,Xh = 0,he [l,k]} = {xio,..,XiJ, io = < ii < ■ ■ ■ < iq = k 
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and 

{Xh, Xh^O,he [1, A;]} = {xh}he[io+i,ii'i] U ■ ■ ■ U {xh}h€[ig_,+i,i^,^^]- 

Assume that 

{xh}helio+i,ii-i] C Djg, ■ ■ ■ , {xh}h£[ig-i+i,ik-i] C -Djg.i 

and define 

A- = {Y^ = e{x,)\x,\), E = (e«+i) = e,,, ■ ■ ■ , e>r,_,+i) = eV J- 
If z G we liave 

k 

ivk+i = el, = X,, ■ ■ ■ , = = fi n(^fc+i - = 1) n ^ n(^"'(^^+i) = 

h=0 



and (v^^ = x,, ■ ■ • , = xo) = fl n ^- 



■ 

= ell^^ = xo, ■ ■ ■ , = 0) = ^P(n+i - = = 0) = a. 

Obviously, the previous argument can be applied to show that the transition probabilities of 
(v^fc, ^ > 0) are given by (|8]) and so ip is an W{ai, ■ ■ ■ , oat) on G started at 0. Using ([9]) for ip, 
it follows that V/ G -D(ai, ■ ■ ■ Oat), 



/(^*) = /(O) + / f'MdB, + - / f"{y,,)ds 
Jo ^0 

where 

Bt = \vt\ - Ltilvl) = \Yt\ - Lti\Y\) = [ sgh(F,)rfn 

Jo 

by Tanaka's formula for symmetric local time. But Y solves ([3]) and therefore sgD.{Ys)dYs = 
sgh{Ys)W (ds) . Since a.s. sgh(K,) = e{(ps) ^oi all s > 0, it comes that V/ G D{ai, ■ ■ -0^), 

fiifoA^)) = fix) + [ f'{^oA^)Hv>oAx)W{ds) + \ ! f"{ifoA^))ds 
Jo ^ Jo 

when X = 0. Finally, by distinguishing the cases t ^ ro,^ and t > Tq^x, we see that the previous 

equation is also satisfied for a; 7^ 0. □ 

Corollary 1. X"^^'"^ is a stochastic flow of kernels solution of{E). 
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Proof. By Proposition |5] (i) and Jensen inequality, K"^^'"^ is a stochastic flow of kernels. The 
fact that K"^^'"^ is a solution of (E) is a consequence of the previous proposition and is similar 
to Lemma 4.6 [12]. □ 



Remarks 4. (i) Define Ks^t{x,y) = K^^ '"^ (x) ® ^ipsAu)- Then K is a stochastic flow of 
kernels on . 

(a) If (m+, m~) = ... ... then 

-^m(^) = S^+e{x)eix)WsA{t<Ts,^} (19) 



p N 



+ (X]^^el|Z.,t(x)|l{Z.,t(x)>0} + X] ^^e-|Z.,i(x)|l{Z.,t{^)<0})l{t>r,,,} 
i=l i=p+l 

is a Wiener solution of (E) . 

p N 

(Hi) If{m+,m-) = (^^5(o,..,o,i,o,-,o), ^ ^ V..,o,i,o,..,o)) , then K""^'""' = 5^. 



i=l j=p+l 



4 Unicity of flows associated to (E). 

Let -fT be a solution of [E) and fix s G M, a; G G. Then {Ksf.{p^y)t>s can be modified in such 
a way, a.s., the mapping t \ — > Ks^t{x) is continuous from [s, +oo[ into V{G). We will always 
consider this modification for {Ks^t{x))t>s- 

Lemma 6. Let [K, W) be a solution of [E). Then Vx G G, s G M, a.s. 

Ks,t{x) = Sx+s(x)e{x)w,,t, if s <t < Ts,x whcrc Ts,x = inf{r > s, e{x)\x\ + Ws,r = 0}. 

Proof. We follow [12] (Lemma 3.1). Assume that x 7^ 0, x G -Dj, I < i < p and take s = 0. Let 

N 

(3i = I and consider a set of numbers {f!^j)i<j<N,j^i such that ^^/SjOj = 0. If f{hej) = (3jh for 

all 1 < j < then / G D{ai, ■ ■ ■ , ctiv). Set = inf{r; J<'o,r(a;)(Ujyj-Dj) > 0} and apply / in 
(E) to get 

/ \y\Ko.tix, dy) = 1x1 + 1^^ for all t < f,. (20) 

Jd,\{o} 
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By applying /fc(y) = |ype k ^ A; > 1 in [E), we have for all t > 0, 



Ko,tAfJk{x)=fk{x)+ / lY,.f^-^{u)Ko,u{efl){x)W{du) + - Ko,ufk{x)du 



2 JO 



t/\fx 



As A; — oo, KQtf\T^fk{x) tends to |?/p_K'o,tAf:r(a^5 c^Z/) by monotone convergence. Let A > 
0,xe-^ < Afor allx>0. Since \fl{y)-2\y\\ < {4 + A)\y\, 



llo,f^]{u)Ko^u{efk){x)W{du) — > / l[o,f,]{u) / 2\y\Ko^u{x,dy)W{du) 
^0 Jg 

as — > oo using (120|) and dominated convergence for stochastic integrals ([15] page 142). From 

\fkiy)\ < 2e~l2/l _|_ ±bl|y|^ -^e get /q^^"" Ko^ufk{x)du — )■ as /c — ;> oo. By identifying the limits, 

we have 

/ {\y\- \x\ - WtfK^^t{x, dy) = Q V t < f,. 
JdA{q} 

This proves that for t < f^, Kqi^x) = 5x+e(a;)VKf The fact that Tq^^ = easily follows. □ 
The previous lemma entails the following 

Corollary 2. If {K,W) is a solution of{E), then a{W) C (y{K). 

Proof. For all x G -Di, we have J<'o,t(a;) = 5ei(|a;|+m) if ^ < To,a;- If / is a positive function on 
G such that fiih) = h, then = Kotfix) — \x\ for all t < To^x,x G Di. By considering a 
sequence {xk)k>o converging to oo, this shows that a-{Wt) C a{Ko^t{y),y ^ -Di). □ 

4.1 Unicity of the Wiener solution. 

In order to complete the proof of Theorem [H we will prove the following 

Proposition 8. Equation (E) has at most one Wiener solution: If K and K' are two Wiener 
solutions, then for all s < t,x ^ G, Ks t{x) = K'^ ^{x) a.s. 

Proof. Denote by P the semigroup of iy(ai, ■ ■ ■ , on), A and D{A) being respectively its gen- 
erator and its domain on Co{G). Recall the definition of D'{ai, ■ ■ ■ , otv) from (ITO!) and that 

Vt > Pt{Co{G)) C D'{ai, ■■■ ,aN)c D{A) 
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(see Proposition [3]) . Define 

S = {f : G — y M : /, /', /" G Cb{G*) and are extendable by continuity at on each ray, 
lim^-^oo /(a;) = 0}. 

For t > 0,h a. measurable bounded function on G*, let Xth{x) = 2pthj{\x\), if x G Dj, where 
hj is the extension of hj that equals on ] — oo, 0]. Then, the following identity can be easily 
checked using the explicit expression of P: 

{PtfY = -Ptf + Xtf onG* for all /G 5. (21) 
Fix / G iS. We will verify that (Ptf)' G S. For x = hej G G*, we have 

N 

(PJ)'(x) = -2Va, / f^(y-h)MO,y)dy+ [ f'^(y + h)MO,y)dy+ [ f;{y - h)MO,y)dy 
■^^ Jr Jr Jr 

Clearly {Ptf)' G Gh{G*) and is extendable by continuity at on each ray. Furthermore, a simple 
integration by parts yields 

/ f'jiy + %t(0, y)dy = G fj{y + h)yptiO, y)dy for some C G M 
Jr Jr 

and since lim^^oo/(a^) = 0, we get lima.^oo(-Pt/)'(a^) = 0. It is also easy to check that 

(Ptf)", {Ptf)'" G Gb{G*) and are extendable by continuity at on each ray which shows that 

(Ptf)' e S. 

Let {K, W) be a stochastic fiow that solves (E) (not necessarily a Wiener fiow) and fix 
X = hcj G G*. Our aim now is to establish the following identity 

KoJ{x) = Ptfix)+ [ Ko,u{D{Pt-umx)Widu) (22) 

where Dg{x) = e{x).g'{x). Note that Ko^uiD{Pt-uf))ix)W{du) is well defined. In fact 

f E[Ko,u{D{Pt^J)){x)fdu < f Pu{{D{Pt^J)f){x)du < f \m^uf)'\\lodu 
Jo Jo Jo 

and the right-hand side is bounded since (12T|) is satisfied and /' is bounded. Set g = P^f = 

PiP^f. Then, since P^f ^ Go{G) (lima;_j.oo P±f{x) = comes from lima._j.oo f{x) = 0), we have 

g G D'{ai, ■ ■ ■ , a^)- Now 

Ko,tg{x) - Ptg{x) - / Ko,u{D{Pt^ug)){x)W{du) = y^(K (p+i)t P, (p+i)t g - vtPt^ptg){x) 

Jo ' t^^ " " 'n n 
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-1 „1p±111 71-1 r 



' • /pi n ' • / Ti 

For all p E {0, ..,n — 1}, Qp^n = P^^ip+MQ ^ D'{ai, ■ ■ ■ , aAr) and so by replacing in (i?), we get 

n 

(p+i)' (p+i)i 

/ n / 

/ Ko^uDgp^n{x)W{du) = K (p+i)i .q„.n(x) - pigp,n{x) - / Ko,uAgp^n{x)du 

J pt ^' n ' Jpt 

n n 

„l£±i)i 

= K {p+i)t qp,n{x) - Kq ptgp.n{x) pt^fi'p,n(a;) - / (A'o,„ - pt)Agp,n{x)du 



Then we can write 



Ko^tg{x) - Ptg{x) - [ Ko^u{D{Pt^u9)){x)W{du) = A,{n) + ^(n) + ^(n) 
Jo 

where 

n— 1 ^ 

v4i(n) = - £i \P,^plfl - (P+i)t .9 .AP ip+i)tg]{x), 

p=0 

n-l iP±Dl 

A,{n) = -y2 " Ko,uDm-u-P,_iP+^)t)g){x)W{du), 

p=0 ~^ 

n-l (£±111 

^3('^) = / (^o,« - ^0 (p+i)t g{x)du. 

' /pi ' " n 

Using I I-K'o.m/I loo < I I/I loo if / is a bounded measurable function, we obtain 

|Ai(n)| < V ||P,_(P±i)i -g- -.Ag]\\^ < n\\P^g -g- -.A(/||oo, 

with 



n\\P^g - (/ - -.A(7|U = t-ll ^'"^ ^ - ^^?||oo (tn := -)• 
n In n 

Since g G -D(^), this shows that Ai{n) converges to as n — )■ oo. Note that A2{n) is the sum 
of orthogonal terms in L'^{VL). Consequently 

ll^2(n)||i.(^) = 5^|| / " Ko,uDm-u-P,^i^)g){x)Widu)\\l.^^y 

P=0 n 

By applying Jensen inequality, we arrive at 

n-l r (P+I)* 



P2Wiii.(o)<X] A " Puyl{x)du 
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where Vu = {Pt-ud)' — (-P(_(£±i)ifi')'- (EI]), one can decompose Vu as follows: 

Vu = + Yu, Xu = —Pt-ud' + -Pj_(£±i)ifl''5 = ^t-ud' — (p+i)t ci' 

n n 

Using the trivial inequality (a + 6)^ < 2a^ + 26^ we obtain: PuV^{x) < 2PuX^{x) + 2PuY^{x) 
and so 

P2(n)||i.(^) <2i?i(n) + 2i?2(n) 

n-l Ap±D1 n-1 (P±l)l 

where 5i(ri) = ^ / " PuXl{x)du, B^in) = Y. L/ PuY,^{x)du. 

p=0 ^ p=0 IT 

lfpe[0,n- 1] and n e [f , then P.X2(x) < P„+,„rii,(^7' - PE±i<„,^?0'(^)- The change 



of variable v = {p + l)t — nu yields 

Bi{n) < f Pt^^{P^g' - g'f{x)dv 
Jo 



< [ {P,g'\x) - 2P,^.{g'P.g'){x) + Pt^.g'\x))dv. 
Jo 



By writing Pt^ni^g' P2Lg'){x) as a function of p, we prove that Imin^oo Pt-^W P^g'){.x) = 
Ptg''^{x). Since g' is bounded, by dominated convergence this shows that Bi{n) tends to 
as 77, —7- +00. For B2{n), we write 

AT 

P^ix) = 2^a,p„((yj),)(-|a;|) + Pu{{Y^h){\x\) - 

i=l 

where {Yu)i = 2pt-ug'i — 2p_, (p+i)f ,g',> defined on R^^. It was shown before that this quantity 

n 

tends to as n +oo when {p,g'i) is replaced by {P,g') in general and consequently B2{n) 
tends to as n — )■ +oo. Now 

n-l „(P±i)i 

\\A3{n)\\L2(n) <y2\\ / {Kq^u- KQPt)AP (p+i)tg{x)du\\L2{n)- 
(p+i)t g. Then G -D'(ai, ■ ■ ■ , for all p G [0, n — 1] (if p = n — 1 remark 

n 

that hp^ri = P^^P^f)- By the Cauchy-Schwarz inequality 

{n-l . (P+i)* 
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L n ' n J 

E[{{Kq^u - Kq pt)hp^n{x)Y] < E[K,^vt{KptJlp^n- hp^nf{x)] 

^ 2| |oo| ~ ^p,n||oo + \ \Pu—^hp,n ~ ^p,nl|oo- 

Therefore \\A^{n)\\L2(^^) < v^(2Ci(n) + CsH)^, where 

n-l n-1 Ajp+M 

Cl{n) = y^\\hp^n\\oo / ||-Ptj_£i^p,n-^p,n||oo'i^i,C'2(n) = / \\Pu_vlhl hi ^\\^du. 

p=0 — p=0 — 

From ||/ip,n||oo < \ \Ag\\oo and ||P„_£t/ip,„ - /ip,n||oo < ||P„_£i^fl' - ^fl-Hoo, we get 

n n 

n-l „ (P+l)' 

As Ag G Co(G'), Ci{n) tends to obviously. On the other hand, G -D(ai, ■ ■ ■ ,aAr) (this 

AT 

can be easily verified since hp^n is continuous and aj(/ip,„)^(0+) = 0). We may apply ([9]) to 

i=0 

get 

n-l „i ^ n-l „t „i 

p=oJo ^^p=o-^o Jo 

Now we verify that h'^^, h'^^ are uniformly bounded with respect to n and 0<p<n — 1. In 

fact ||/i;',J|oo = ||2AV||oo < 2PP|/|U. Write V = Pt_v±i^+._P^^AP^J where P|AP|/ G 

D'(q!i, ■ ■ ■ ,aAr). Then, by ( 12T]) . ||/ip„,||oo is uniformly bounded with respect to n,p G [0,n — 1] 

and so the same holds for ||(/ip^„)"||oo- As a result C2(n) tends to as n — )■ oo. Finally 

Ko,tg{x) = Ptg{x) + [ Ko,uiD{Pt-ug))ix)Widu). 
Jo 

Now, let e go to 0, then Ko^tgix) tends to Ko^tfix) in L^(f2). Furthermore 

II /" Ko,u{D{Pt.ug)){x)W{du) - [ Ko,u{D{Pt.J)){x)W{du)\\l^a) 
Jo ^ Jo 

< [ Pum~ug)' - {Pt^ufy)\x)du. 

Jo 

Using the derivation formula ( l2Tl) . the right side may be decomposed as le + Je, where 



/, = / Pu{Pt^ug' - Pt^uff{x)du, J,= [ P„(W' 

Jo Jo 



h^uf ) {x)du. 
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By Jensen inequality, /, < tPt{g' - D^x). Since g\y) = -PJ'{y) + 2XJ'{y) ^ f{y) as 
e — )■ 0,Pt{x,dy) a.s., we get — )■ as e —t- by dominated convergence. Similarly tends 
to as e — )■ 0. This establishes f l2^ . Now assume that (/T, ly) is a Wiener solution of (E) 
and let / G 5. Since Ko,tf{x) e L\J^^'' ) , let KoJ{x) = PJ{x) + EZiJ^fi^) be the 
decomposition in Wiener chaos of Ko^tfix) in sense ([15] page 202). By iterating (122|) (recall 
that {PtfY G iS ), we see that for all n > 1 

-/r/(^) = / P.,(D(P,,_,,-..D(P,_,„/)))(a;)ciiyo,.,---diyo,s„. 

"'0<si<---<s„<f 

If K' is another Wiener flow satisfying (122]) . then KQtf{x) and K'^^flx) must have the same 
Wiener chaos decomposition for all f E S, that is Ko^tf{x) = K'^^f^x) a.s. Consequently 
Ko^tf{x) = Kq if{x) a.s. for all / G -D'(ai, ■ ■ ■ , un) since this last set is included in S and the 
result extends for all / G Cq{G) by a density argument. This completes the proof when x ^ 
The case a; = can be deduced from property (4) in the Definition [31 □ 

Consequence: We already know that K'^ given by f|T9|) is a Wiener solution of [E). Since 
cT(Vr) C <y{K), we can define K* the stochastic flow obtained by filtering K with respect to 
a{W) (Lemma 3-2 (ii) in Then Vs < t, x G G, /^^^(x) = E[Ks,t{x)\a{W)] a.s. As a 

result, {K* , W) solves also {E) and by the last proposition, we have: 

Vs<t,a;GG, E[Ks,t{x)\a{W)] = K^^{x) a.s. (23) 

From now on, {K,W) is a solution of {E) defined on (1],^,P). Let P^" = E[K®^] be the 
compatible family of Feller semigroups associated to K. We retain the notations introduced 
in Section 3 for all functions of W {Ys^t{x), Zs^t{x), gs,t{x) ■ ■ ■). In the next section, starting 
from K, we construct a flow of mappings (/?^ which is a solution of (E). This flow will play an 
important role to characterize the law of K. 

4.2 Construction of a stochastic flow of mappings solution of {E) 
from K. 

Let X G G, t > 0. By ( |23|) . on {t > tq^x}, Ko^tix) is supported on 

{|Zo,t(x)|ei, 1 <i <p} if Zo,t{x) > 
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and is supported on 

{|Zo,t(x)|e;, p+l<t<N} iiZo,t{x)<0. 

In [TT] (Section 2.6), the n point motion X" started at (xi, ■ ■ ■ G and associated with 
has been constructed on an extension x of such that the law of u' i — > X"(ci;, u') is 
given by Ko^t{xi,dyi) ■ ■ ■ Ko^t{xn,dyn)- For each {x,y) G G^, let {Xf ,Y^)t>o be the two point 
motion started at {x,y) associated with as preceded. Then |Xf | = |Zo,t(x)|, \Y^\ = |Zo,t(y)| 
for all t > and so 

T^'^ := inf{r > 0,X^ = Y^} < +00 a.s. 

To (P'^) „>i, we associate a compatible family of Markovian coalescent semigroups {P^''^)n>i 
described in [TT] (Theorem 4.1): Let X" be the point motion started at {xi, ■ ■ ■ ,Xn) G G". 
We denote the ith coordinate of X" by X"(i). Let 

Ti = inf {n > 0, 3z < J, X:(z) = X:(j)}, X^ := X,", t G [0, Ti]. 

Suppose that X^_^{i) = X^^(j) with i < j. Then define the process 

X:'\h) = Xm for h ^ j,X:^\j) = X:^\z),t> Ti. 

Note that the ith coordinate of X^'^ and the jth one are equal. Now set 

T2 = inf{n >T,,3h<k,h^j,k^ j, X^'^h) = X^'^k)}. 

For t G [Ti,T2], we define X"''^ = X^''^ and so on. In this way, we construct a Markov process 
X'^''^ such that for all i,j G [1, n], X"''^(z) and X^''^{j) meet after a finite time and then stick to 
gether. Let P"''^(xi, ■ ■ ■ , Xn, dy) be the law of X"''^. Then we have: 

Lemma 7. (P"''^)n>i a compatible family of Feller semigroups associated with a coalescing 
flow of mappings ip'^. 

Proof. By Theorem 4.1 [11], we only need to check that: Vt > 0, £ > 0, x G G, 

lim P({T^'^ > t} n {diXt^Y^) > e}) = (G). 

As |X-| = |Zo,„(a;)|, \Yy\ = \Zo,u{y)\ for all m > 0, we have {t < T^-^ C {t < T,(,)|,|,,(j,)|j,|}. For 
1/ close to X, {d{X^,Y^^) > e} C {inf (ro,x, To,y) < t}- Now (G) holds from Lemma [21 □ 
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Consequence: Let v (respectively v^^ be the Feller convolution semigroup associated with 
(P")„>i (respectively (-P"''^)n>i)- By the proof of Theorem 4.2 [12], there exists a joint real- 
ization [K^jK"^) where and K"^ are two stochastic flows of kernels satisfying ''= 6^^, 
^2 g^^^ such that: 

(i) Ks^t{x, y) = Kl^{x) ® K]^{y) is a stochastic flow of kernels on G^, 

(ii) For all s < t,x G G, Kl^{x) = E[Klt{x)\K^] a.s. 
For s <t, let 

fs,t = (t{Ku,v, s<u<v<t), Ti t = a{Ki^^, s <u <v <t), i = l,2. 

Then ^ = J-'j^ V J-'f To simplify notations, we shall assume that y?'^ is defined on the original 
space {Q, A, P) and that (i) and (ii) are satisfied if we replace {K^, K"^) by (5<^c, K). Recall that 
(i) and (ii) are also satisfied by the pair {5^,K'^'^''^ ) constructed in Section [31 Now 

Ks,t{x) = E[5^c^^^)\K] a.s. for all s<t,xGG, (24) 

and using (123|) . we obtain 

K'^tix) = E[5^. ^{x)W{W)] a.s. for all s<t,xe G, (25) 

with being the Wiener flow given by (fT9l) . 

Proposition 9. The stochastic flow ip'^ solves (E). 

Proof. Fix t > 0,x E G. By (1251) . S^c^^^-^ is supported on {|Zo,t(x)|ej, 1 < j < A^} a.s. and so 
lv^ot(^)l — \Zo,t{x)\. Similarly, using (!25|) . we have 

</?o,f(a;) e ^ ^,t(x) > and Lp^tix) e G' ^ Zo,t(x) < 0. (26) 

Consequently e{ipQ^^{x)) = sgh(Zo,((x)) a.s. Since v^o_.(a;) is an W{ai, ■ ■ ■ ,Q!iv) started at x, it 
satisfies Theorem [31 V/ G -D(«i, ■ ■ ■ , oat), 

/(V'o.tl^)) = /(^) + 1^ f'{^Ux))dB^ + n^l^{x))du a.s. 
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with Bt = \(po,t{x) \ — Lt{\(po^.{^)\) ~ 1^1 = |^o,t(2^)| — Lt{\Zo^.{x)\) — \x\. Tanaka's formula and 
(I26D yield 

Bt= [ sgn{Zo,u{x))dZo,u{x) = [ £gn{Zo,u{x))W{du) = [ e{ipl^{x))W{du). 
Jo Jo Jo 

Likewise for all s < t, x G G, / G D{ai, ■ ■ ■ , oat), 

= fix) + 1^ n^l^{x))e{^l^{x))W{du) + i r a.s. 

□ 

We will see later (Remark |3]) that ip'^ (p where (p is the stochastic flow of mappings 
constructed in Section 3. 

4.3 Two probability measures associated to K. 

For all t > Ts^x, set 

V,y{x) = Ks,t{x){D, \ {0}) VI < 2 < p 

and 

V;f{x)=K,^t{x){DN), V-/{x) = Ks,t{x){D,\{Q]) + 1 < z < iV - 1 
V^Ax) = {V^/{x)),<,^,,V-t{x) = {V-t\x)U^<,<N. V,,{x) = {V^,{x),V-{x)). 
For s = 0, we use these abbreviated notations 

Z,{x) = Z,,{x), V,^{x) = V,^^,{x), V,-{x) = V,-,{x),Vt{x) = {V,+ {x),V,-{x)) 

and if X = 0, 

Z, = Zo,(0), \/+ = \/oT*(0), V,- = V,-,{Q), Vt = (\/+, Vn. 
By ([23D, Vx G G, s < t, with probability 1 

p N 

+ C^Vsyix)6s^\z,^t(x)\'^{Z,,t{x)>0}+ ^ K/(a;)4l|Z,,t(x-)|l{Z,,t(x)<0})l{t>r«,,}- 
i=l i=p+l 

Define 

jrj^^ = a{K^^u, s<v<u<t), T^^t = (y^v,u, s<v<u<t) 
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and assume that all these cr-fields are right-continuous and include all P-negligible sets. When 
s = 0, we denote T^i.T'^i simply by ■ Recall that for all s G M, x G G, the mapping 

1 1 — > Ks^t{x) defined from [s, +00 [ into V{G) is continuous. Then the following Markov property 
holds. 

Lemma 8. Let x,y E G and T be an {J^^)t>o stopping time such that Kqx{x) = Sy a.s. Then 
Ko,-+Tix) is independent of and has the same law as Ko,-{y)- 

As a consequence of the preceding lemma, for each x G G, Ko^.^ro,^^^) is independent of J-"^^ 
and is equal in law to Kq^.{0). 
Consider the following random times: 

T = inf {r > : = 1}, L = sup{r G [0, T] : Zr = 0} 

and the following cr-fields: 

J-'l- = (t{Xl,X is bounded (J^/^)t>o — previsible process), 

= a{XL,X is bounded {J^f^)t>o — progressive process). 

Then J^^j^ = (Lemma 4.11 in [12] )• Let / : — y R be a bounded continuous function 
and set Xt = E[f(yt)\a{W)]. Thanks to fl2^ . the process r 1 — )■ Vr is constant on the excursions 
of r I — y Zr- By following the same steps as in Section 4.2 [12], we show that there is an J^^- 
progressive version of X that is constant on the excursions of Z out of (Lemma 4.12 |12j). 
We take for X this version. Then Xt is J^l+ measurable and E[Xt\J^l-] = E[f{VT)] (Lemma 
4.13 [12]). This implies that Vt is independent of a{W) (Lemma 4.14 [12]) and the same holds 
if we replace T by inf{t > : Zt = a} where a > 0. 
Define by induction T^^ = and for /c > 1: 

Stn = inf{t > n-^,n Zt = 2-"}, = ^^i{t > ^Jn ■ = 0}. 

Set V/^^ = Vi . Then, we have the following 

Lemma 9. For alln, {Vi^^)k>i is a sequence of i.i.d. random variables. Moreover, this sequence 
is independent ofW. 
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Proof. For all k > 2, is o-^K^ rp+ ,AO),t > 0) measurable and Vi^__^ is J^^+ measurable 
which proves the first claim by Lemma [HI Now, we show by induction on q that {V-^^, ■ ■ ■ , V^^) 
is independent of (t{W). For q = 1, this has been justified. Suppose (Vj^^,--- , V^"*!! „) is 
independent of a(W) and write 

(t{Wo,u,u> 0) = > 0) V a{Z^^T+_^^^,u > 0). 

Since (V^''"^, ■ ■ ■ , Vjii „) is measurable and 

' ' 9-1, »i 

^ w > 0) V a(y+J C a(i^o,^+ ^ ^^+,(0),t > 0), 

we conclude that (V^i^, ■ ■ ■ , V^^) and a(W) are independent. □ 

Let be the common law of (V'^^^)fc>i for each n > 1 and define m+ as the law of 
under P(.|Z'i > 0). Then, we have the 

Lemma 10. The sequence (?Ti^)„>i converges weakly towards . For allt > 0, under F{-\Zt > 
0), and W are independent and the law ofV)-'^ is given by m+. 

Proof. For each bounded continuous function / : — y M, 

k 

= }TJ2hte[sl.KJ} (/ ^^^^) 
= [l{Zt>o} lim / /rfm+ + £:„(t)] 

n— >■ oo J 

with lim en{t) = a.s. Consequently 

n— > oo 

The left-hand side does not depend on t, which completes the proof. □ 

We define analogously the measure m" by considering the following stopping times: Tq"„ = 
and for A; > 1: 

= inf{t > T,r_,,„ : Z, = -2-"}, T,;„ = inf{t > S^^^ : Z, = 0}. 
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Set = V and let be the common law of (V'^„)fc>i- Denote by m the law of V\ 
under P(.|2'i < 0). Then, the sequence (m~)„>i converges weakly towards m~ . Moreover, for 
all t > 0, the law of under P(.|Zt < 0) is given by m~. As a result, we have 

E[fiVn\W]l{z.^o} = l{z.<o} J fdm~ 

for each measurable bounded / : M^"^ — y M. If we follow the same steps as before but consider 
(Z„+T-o,i(3;), w > 0) for all x, we show that the law of Vq^(x) under P(.|Zo,t(x) > 0,t > ro,^) 
does not depend on t > 0. Denote by such a law. Then, thanks to Lemma [HI does not 
depend on a; G G. Thus = for all x and 

E[fiVt'{x))\W]^z,(^.^^o,t>ro,.} = l{z.(.)>o,t>ro..} / fdm^ (27) 
for each measurable bounded / : MP — > M. Similarly 

E[h{Vf{x))\W]l{Zt{x)<o,t>ro,A = '^{Zt{^)<o,t>ro,.} J hdm- (28) 
for each measurable bounded h : M^"^ — > M. 

4.4 Unicity in law of K. 

Define 

p{x) = |x|eil{^gG'+} + klep+ilj^gG-.x^o}, X eG. 
Fix xEG,0<s<t and let Xg = p{(Pq si^))- Then: 

(i) v^s,r(^) = X + e{x)e{x)Ws,r for all r < Ts^x (from Lemma [6]). 

(ii) Ts^x = Ts,p(x) and v^^,r(^) — fs,riPix)) for all r > Tga, since y?'^ is a coalescing flow. 

(iii) Ts^^cjx) = Ts,xs and '/'^^^(v^o.sl^)) = fsAxs) for all r > Ts^^s by (ii) and the independence 
of increments of ip'^. 

(iv) On {t > r^,^,}, 'fo,t{x) = fltifoA^^^ = ¥^s,tixs) by the flow property of ip'' and (iii). 

(v) Clearly r,,^.^ = inf{r > s, Zo^r{x) = 0} a.s. Since {tq^^ < s < go,t{x)} C {t > r^,^J a.s., 
we deduce that 

^i¥>o,tix) = ^ltixs)\To,x < s < go,t{x)) = 1. 
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(vi) Recall that and fs,t are independent {K is a flow) and j^o,t = -^0,8 V fs,t- By (El]), 
we have Kst{xs) = E[6^c ^(^3;s)\J^o^t] and as a result of (v), 

¥{Ks,t{xs) = Ko,tix)\ro,. < s < goA^)) = 1- (29) 

Lemma 11. LetFt^xi,--- ,x„ be the law of (Kq^xi), ■ ■ ■ ,KoAxn),W) wheret > and xi, ■ ■ ■ ,Xn& 
G. Then, 'Ft,xi,--- ,x„ is uniquely determined by {Pu -^m > 0,x G G}. 

Proof. We will prove the lemma by induction on n. For n = 1, this is clear. Notice that if 
t < To,z7 then Kq^z) is a(W) measurable and if t > Tqq^^, then Kq^zi) = KQt{z2)- Suppose 
the result holds for n > 1 and let G G. Then by the previous remark, we only need to 

check that the law of (Kq^xi),- ■■ , KoAxn+i),W) conditionally to A = { sup tq^x^ < t < 

l<i<n+l 

T'o^.'. o'^"^^} only depends on {Pua;,M > 0,x G G}. Remark that on A, {go^Xi), 1 < i < n + 1} 
are distinct and so by summing over all possible cases, we may replace A by 

E = { sup Tq^x, < t < Tq]:',"q'''"'^\ go^xi) <■■■ < go,ti^n) < go,ti^n+i)} 

l<i<n+l ' ' 

Recall the definition of / from Section [3^ and let S = f (go^Xn) , go,t{xn+i)) , Eg = En{S = s} 
for s G D. Then it will be sufficient to show that the law of {Kq^xi), ■ ■ ■ , KoAxn+i),W) 
conditionally to E^ only depends on {P^j^x; u > 0,x E G} where s G D is fixed such that s < t. 
OnE,, 

(i) {Ko t{xi), ■ ■ ■ , Ko^Xn), W) is a measurable function of (^(^^i), ■ ■ ■ , Vs{xn), W) as (yr{xi),r > 
To,Xi) is constant on the excursions of {Zr{xi),r > tq^x.)- 

(ii) There exists a random variable Xn+i which is measurable and satisfies KQ t{xn+i) = 
KsAXn+i) (from ([29])). 

Clearly, the law of (Vsixi), ■ ■ ■ , Vs{xn), KsA^n+i), W) is uniquely determined by {P^.^i,- ,x„,'^t-s,y, y e 
G}. This completes the proof. □ 

Proposition 10. Let (^K"^'^''^ , W) be the solution constructed in Section 3 associated with 
(m+,m-). Then K^= K""^'"^' . 



39 



Proof. From ^ and ([28]), {Ko^t{x),W) (K^^™" (x), VT') for alH > and x e G. Notice 
that all the properties (i)-(v) mentioned just above are satisfied by the fiow ip constructed in 
Section 3 and consequently K^^'"^ satisfies also fl2I?]) using the same arguments. By following 
the same steps as in the proof of Lemma [TTl we show by induction on n that 

for alH > 0, xi, • • • ,Xn^G. This proves the proposition. □ 
Remark 3. When K is a stochastic flow of mappings, then by definition 

p N 

{m'^,m~) = (^^5(0,. ., 0,1,0,. .,0), X] ~V-,o,i,o,..,o))- 

4=1 i=p+l 

This shows that there is only one flow of mappings solving (E) . 
4.5 The case a+ = l,N > 2. 

Let be the fiow given by (fT9l) . where Z^ tix) = e{x)\x\ + Wt — Wg. It is easy to verify that 
is a Wiener fiow. Fix s E M.,x E G. Then, by following ideas of Section 13.21 one can 
construct a real white noise W and a process {Xg^,t > s) which is an W{ai, ■ ■ ■ ,aiv) started 
at X such that 

• (i) for alH > s, / G D{ai, ■ ■ ■ , ajv), 

fix:,) = fix) + j\ef')iXl^)W{du) + f'iXlJdu a.s. 

• (ii) for all t > s, KZi^) = E[6xi,WiW)] a.s. 

By conditioning with respect to (j(W) in (i), this shows that solves (E). Now, let (K, W) 
be any other solution of (E) and set P" = E[KqJ^]. From the hypothesis = |, we see that 
h{x) = e{x)\x\ belongs to D{ai, ■ ■ ■ , a^) and by applying h in (E), we get Ko,h{x) = h{x) + Wt. 
Denote by {X^'^ , X^^) the two-point motion started at (xi,X2) € G^ associated to P^. Since 
\X^^\ is a refiected Brownian motion started at \xi\ (Theorem [3]), we have -EflXf'p] =t + 
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From the preceding observation = E[KQ^th{xi)KQ^th{x2)] = h{xi)h{x2) +t 

and therefore 

E[{h{xn - h{xn - h{x,) + h{x2)y] = o. 

This shows that h{X^^) — h{X^'^) = h{xi) — h{x2)- Now we will check by induction on n that 
P" does not depend on K. For n = 1, this follows from Proposition |3l Suppose the result holds 
for n and let (xi, ■ ■ ■ , x„+i) G G"'^^ such that h{xi) 7^ h{xj),i 7^ j. Let r^. = inf{r > : = 
0} = inf{r > : h{X^^) = 0} and {xi,Xj) G x such that < h{xk),h{xh) < h{xj) 

for all {xk,Xh) G x (when {xi,Xj) does not exist the proof is simpler). Clearly r^.^. is a 
function of X^'^ for all /i, /c G [1, n + 1] and so for all measurable bounded / : G'"'*"^ — > M, 

/(Xr,--- ,Xf"+^)l|,<.,^,i„f,,,,„^,.,^=.^j isafunction of X^'- 

and 

/(Xr,--- ,X^+^)l{,<.^^,i,f,^,^„^,.^^=.^^} isafunction ofX^^'. 

where t > is fixed. This shows that i?[/(Xf^, ■ ■ ■ , X^"'^^)l^t<in^l<k<n+lrx^.}] o^^Y depends on 
P^. Consider the following stopping times 

So = inf r,,, ^^+1 = inf{r > Sk : 3j E [l,n + 1],X'^^ = 0, ^ 0}, A; > 0. 

Remark that {Sk)k>o is a function of X^'* for all /i G [1,?7, + 1]. By summing over all possible 
cases we need only check the unicity in law of (X^^^, ■ ■ ■ ,X^"^^) conditionally to A = {Sk < 
t < Sk+i, X^l = 0} where k>0,he [1, n + 1] are fixed. Write A = B f] {t - Sk < T} where 
B = {Sk< t, Xsl = 0} = {Sk <t,Xg^O Hi ^ h} and T = inf {r >0,3j ^h: X^l^^ = 0}. 
On A, X^^ is a function of (X^^, Xj^'') and therefore for all measurable bounded / : G"~^^ — > M, 

/(Xr, ■ ■ ■ ,Xf"+^)U may be written as (^((X^;),^,, Xf'')!^ 

where g is measurable bounded from G^~^^ into M. By the strong Markov property for X = 
(X^i,--- ,X^"+i), we have 

lBEm,_s,^T}9{{Xg).^,,X:'^)\J^l] = iB^Pit - Sk, (X^:).^.) 

where 

ij{u, 2/1, ■ ■ ■ , = ^[l{H<inf{r>0:3i6[l,n],X.^^=0}}^?(^l' ' " " ' ^°)]- 
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This shows that ■ ■ ■ , Xf"'*'^)!^] only depends on the law of {X^')i^h. As a result, 

P"^^((xi,--- ,Xn+i),dy) is unique whenever h{xi) 7^ h{xj),i 7^ j and by an approximation 
argument for all (xi, ■ ■ ■ , Xn+i) G G^~^^. Since a stochastic flow of kernels is uniquely determined 
by the compatible system of its ra-point motions, this proves (2) of Theorem [2J 

5 Appendix: Freidlin-Sheu formula. 

In this section, we shall prove Theorem [31 We begin by 

Preliminary remarks. We recall that if F is a semimartingale satisfying (Y) = {\Y\) then 
Lt{Y) = Lt{\Y\). Let Lt{Y) be the (non symmetric) local time at of F and a e [0,1]. If Y 
is a SBM{a), then Lt(Y) = 2aLt{Y) by identifying Tanaka's formulas for symmetric and non 
symmetric local time for Y. 

Let Q be the semigroup of the reflecting Brownian motion on M and define = Then 
Xt = ^{Zt) and it can be easily checked that Pt{f o<P) = Q^f o <P for all bounded measurable 
function / : R — > R which proves (i). (ii) is an easy consequence of Tanaka's formula for local 
time. 

(iii) Set Tz = inf{r > 0,Zr = 0}. For t < Tz, iQ holds from Ito's formula applied to the 
semimartingale X. By discussing the cases t < Tz and t > Tz, one can assume that z = and 
so in the sequel we take z = 0. 

For all I G [1,A^], define Zf = \Zt\l{z,eD,} - \Zt\l{z,m}- Then Zl = <P\Zt) where $\x) = 
\x\l^xeDi} — \x\l{x<^Di}- Let be the semigroup of the SBM{ai). Then the following relation 
is easy to check: Pt{f o = QJ/ o <P* for all bounded measurable function / : R — > R which 
shows that Z^ is a SBM{ai) started at 0. We use the notation (P) to denote the convergence 
in probability. 

Let 6 >0. Define = ^0 = and for n ^ 1 

= inf{r > |Z,| = 5}, = inf{r > 9^, Z, = 0}. 
Let / G Ci{G*) and t > 0. Then 

00 

f{Zt) - /(o) = ^ f{Zoi^,M) - fiZeiM) = Qi + Qi + Qi 

n=0 
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where 

oo TV oo 

n=0 1=1 n=0 

N oo oo 

We first show that Qf > (P) and for this write Q{ = Qf^^^^ + 2) ^i^h 

00 N 

n=0 't=l 
00 N 

n=0 i=l 

Since / G (^^(G*), we have 

(i) v^ G [1, iv]; / (/;(«) - /;(o+))rf« = /.(<5) - /.(o) - 5/;(o+). 

(ii) There exists M > such that Vi G [1, A^], m > : \ fl{u) - //(0+)| < Mu. 
Consequently 

°° ^ AT 1\/TX2 °° 

1^(1,1)1 = EE(/^(^) - /^(o) - ^/^(o+))ik,,<,v < ^EiK..<a- 

n=0 i=l n=0 

It is known that <^E -""{^^n i<*} ^ 7^^t{,X) (P) ([15]) and therefore )■ 

n=0 

Let C > such that Vz G [1, iV], n > : - /i(0)| < Cu. Then 

00 N 

1^(1,2)1 = iEE(/(^*)-/(^^>*))i{^^ 

n=0 i=l 

00 TV 

^ EEi/^(^*)-/^(o)|1m<*<c.v 

n=0 t=l 



00 



^ + l J 

n=0 



which shows that Ql „^ )■ a.s. and so Q? )■ 

00 00 

Now define Qf^ ^^ = 5^ ^{ei^,<t,z^s eA}- Since ^ ^{ei^,<t,z^s eA} the number of upcross- 



n=0 71=0 



ings of from to 5 before time t, we have Q\2i\ ^ (^)- Using our prehminary 



TV 



remarks, we see that Q{ > {S^ aif-{0+))Lt{X) (P). 

<5 -i> ^ — ^ 

i=l 

We now establish that > [ f'{Z,)dB, + - / f"{Zs)ds (P). For this write Q 

-5 ^ Jo 2 Jo 
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Q(3,l) + ^(3,2) With 

oo oo N 

n=0 n=0 1=1 

N 



«=1 



It is clear that ^{n E N : 9^ < t < r^, Zqs E Di} > l[Zt€Di\{o}} a-s. and so QL2) converges 

to f{Zt) — /(O) as (5 — a.s. Define Tq'' = 0^^ = and 



9'/ = inf {r > T^t,, Zr = 6e,}- r^'^ = inf {r > 9'/, Z, = 0}, n ^ 1. 

Using ^^^0 l{r*<t,Z^,GA} = En=0 ^{4-<tV ^(3,1) = En=oEf=lif i^) ' MW{r^^<ty 

On the other hand 

CO oo oo 

n=0 n=0 n=0 

and therefore 

iV oo N 



1=1 n=0 i=l 

Since \l\{n E N, 6'^'* < t < r^'*} > l{ZteA\{o}} a-S-, we deduce that 

5 — > 
Af oo 

^3 '= E E(/^(^.,^''aJ - /^(^.f,^AJ) + oil) a.s. 

1=1 n=0 

For all iE[l,N], let be on R such that fi = fi on M+, Z^' = /■ , ^" = /■' on R;. 
Now a.s. 

oo 

Vs E [0,t],iE [1,N] E ^ie'^^At,r,i-^Atli-^) j:^ l{ZseDAm- 

n=0 

By dominated convergence for stochastic integrals, 

^ „t oo „t 

E/i(^^*>'At) -/i(^e^''AJ = / E^[e*'"At,r*''A£[(^)^/i(^^) / l{2seA\{o}}f^/i(^.) 

n=0 "^0 n=0 "^0 

Finally 

f f\Z,)dB, + \ f r\Z,)ds = fMz.eDA{o}}{ms)dB, + b:'{X,)ds) 

Jo ^ Jo j^]^ Jo ^ 

= E / ^{Zs(^Di\{0}}dfi{Xs)- 
i=l -^0 
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by Ito's formula and using the fact that dLs{X) is carried by {s : Zg = 0}. Now the proof of 
Theorem [3] is complete. 
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